Observational Constraints on Oscillating Dark-Energy Parametrizations by Pan, Supriya et al.
Observational Constraints on Oscillating Dark-Energy
Parametrizations
Supriya Pana Emmanuel N. Saridakisb,c,d Weiqiang Yange
aDepartment of Mathematics, Raiganj Surendranath Mahavidyalaya, Sudarshanpur, Raiganj, Uttar
Dinajpur, West Bengla 733134, India
bChongqing University of Posts & Telecommunications, Chongqing, 400065, China
cPhysics Division, National Technical University of Athens, 15780 Zografou Campus, Athens,
Greece
dCASPER, Physics Department, Baylor University, Waco, TX 76798-7310, USA
eDepartment of Physics, Liaoning Normal University, Dalian, 116029, P. R. China
E-mail: span@research.jdvu.ac.in, Emmanuel−Saridakis@baylor.edu,
d11102004@163.com
Abstract: We perform a detailed confrontation of various oscillating dark-energy parame-
trizations with the latest sets of observational data. In particular, we use data from Joint
Light Curve analysis (JLA) sample from Supernoave Type Ia, Baryon Acoustic Oscillations
(BAO) distance measurements, Cosmic Microwave Background (CMB) observations, red-
shift space distortion, weak gravitational lensing, Hubble parameter measurements from
cosmic chronometers, and we impose constraints on four oscillating models. From the
analyses we find that the best-fit characters of almost all models are bent towards the
phantom region, nevertheless in all of them the quintessential regime is also allowed within
1σ confidence-level. Furthermore, the deviations from ΛCDM cosmology are not signifi-
cant, however for two of the models they could be visible at large scales, through the impact
on the temperature anisotropy of the CMB spectra and on the matter power spectra. Fi-
nally, we peform the Bayesian analysis, which shows that the current observational data
support the ΛCDM paradigm over this set of oscillating dark-energy parametrizations.
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1 Introduction
The universe acceleration at late times is one of the most interesting findings of modern
cosmology, and thus there are two main directions that one could follow to explain it.
The first way is to keep general relativity as the gravitational theory and introduce new
components, that go beyond the Standard Model of Particle Physics, collectively known
as the dark energy sector [1, 2]. The second way is to construct a modified gravitational
theory, whose additional degrees of freedom can drive the universe acceleration [3–5].
At the phenomenological level both the above approaches lead to a specific universe
accelerated expansion, that can be quantified by the evolution of the (effective in the case of
modified gravity) dark energy equation-of-state parameter. Hence, parametrizations of the
dark energy fluid can lead to reconstructions of the universe late-time expansion. The basic
idea relies on the fact that the dark energy equation-of-state parameter wx = px/ρx, with
ρx and px the dark energy energy density and pressure respectively, can be parametrized
using different functional forms in terms of the cosmological redshift.
In principle, there is not a theoretical guiding rule to select the best wx(z), how-
ever using observational data it is possible to find viable parametrizations. In the lit-
erature one can find many parametric dark energy models, that have been introduced
and fitted with observational data: (i) one-parameter family of dark energy models [6]
(ii) two-parameters family of dark energy parametrizations, namely, Chevallier-Polarski-
Linder parametrization [7, 8], Linear parametrization [9–11], Logarithmic parametrization
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[12], Jassal-Bagla-Padmanabhan parametrization [13], Barboza-Alcaniz parametrization
[14], etc (see [15–25]), (iii) three-parameters family of dark energy parametrizations [26],
and (iv) four-parameters family of dark energy parametrizations [26–28].
One of the interesting parametrizations is the class of models in which wx(z) exhibits
oscillating behaviour [25, 29–39]. The oscillating dark energy models are appealing and
prove to lead to desirable cosmological behaviour. In particular, they can alleviate the
coincidence problem, since they may lead to both accelerating and decelertaing phases in a
periodic manner [30], and thus to dark matter and dark energy density parameters of the
same order. Furthermore, one can construct oscillating dark energy models that can unify
the current acceleration with the early-time inflationary phase [31].
The main question that arises naturally is whether oscillating dark-energy models are
in agreement with the latest observational data. Although an early, basic fitting was per-
formed in [40], such an investigation has not been fulfilled in detail. In the present work
we are interested in performing a complete observational confrontation, in order to exam-
ine whether oscillating dark energy models are in agreement with the latest data, namely:
Joint Light Curve analysis sample from Supernoave Type Ia, Baryon Acoustic Oscillations
(BAO) distance measurements, Cosmic Microwave Background (CMB) observations, red-
shift space distortion, weak gravitational lensing, Hubble parameter measurements from
cosmic chronometers, and finally the local Hubble constant value.
The manuscript is organized in the following way. In Section 2 we present the cosmo-
logical equations for a dark energy model, both at background and perturbative levels. In
Section 3 we introduce the oscillating dark energy models, through suitable parametriza-
tions of the dark-energy equation-of-state parameter. In Section 4 we present the various
observational data sets that we will use in our analysis, and in Section 5 we perform a
detailed observational confrontation for various oscillating models. In Section 6 we com-
pare the results for all models, both amongst each other as well as relating to wCDM and
ΛCDM cosmology. Finally, Section 7 is devoted to the Conclusions.
2 Cosmological equations: Background and perturbations
In this section we provide the basic equations, both at the background and at the per-
turbation level, of a general cosmological scenario. Throughout the work we consider the
homogeneous and isotropic Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric of the
form
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (2.1)
where a(t) is the scale factor and k = −1,+1, 0 corresponds respectively to open, closed
and flat geometry. For simplicity, in the following we focus on the flat geometry, as it is
favored by observations, although the analysis can be straightforwardly extended to the
non-flat case too. The Friedmann equations are extracted as
H2 +
k
a2
=
8piG
3
ρtot, (2.2)
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2H˙ + 3H2 +
k
a2
= −8piGptot, (2.3)
where H = a˙/a is the Hubble function and dots denote derivatives with respect to the
cosmic time, t. In the above equations ρtot and ptot are respectively the total energy density
and pressure of the universe content, considered to be effectively described by perfect fluids.
In particular, we consider that the universe consists of radiation, baryonic matter, dark
matter and (effective) dark energy, and therefore the total energy density and the total
pressure of the universe read as ρtot = ρr + ρb + ρc + ρx and ptot = pr + pb + pc + px, where
ρr, pr correspond to radiation, ρb, pb to baryonic sector, ρc, pc to dark matter, and ρx, px
to the dark energy sector. If we additionally assume that these sectors do not mutually
interact, then each one is separately conserved, namely it satisfies
ρ˙i + 3H(1 + wi)ρi = 0, (2.4)
where wi ≡ pi/ρi is the i-th component’s equation-of-state parameter. Since radiation has
wr = 1/3, we obtain ρr ∝ (a/a0)−4. Similarly, since as usual the baryonic and dark matter
sectors are considered to be pressureless, we obtain ρb ∝ (a/a0)−3 and ρc ∝ (a/a0)−3, with
a0 the current value of the scale factor. Finally, since the dark energy fluid has a general
equation-of-state parameter wx ≡ px/ρx, its evolution equation leads to
ρx = ρx,0
(
a
a0
)−3
exp
(
−3
∫ a
a0
wx (a
′)
a′
da′
)
. (2.5)
Hence, we can see that the evolution of the dark energy fluid is obviously highly dependent
on the form of wx(a).
Let us now investigate the perturbations of the above general cosmological scenario.
The perturbation equations of a general dark energy scenario have been explored in detail
in the literature [1]. We choose the synchronous gauge, and thus the perturbed FLRW
metric takes the form
ds2 = a2(τ)
[−dτ2 + (δij + hij)dxidxj] , (2.6)
where τ is the conformal time, and where δij , hij are respectively the unperturbed and
the perturbated metric tensors. Now, for the perturbed FLRW metric (2.6), using the
conservation equation for the energy-momentum tensor of the i-th fluid, namely Tµν;ν = 0,
one can conveniently write down the Einstein’s equations in the two gauges, namely, the
conformal Newtonian gauge or in the synchronous gauges of the Fourier space κ. We choose
the latter gauge, and in that gauge, one can obtain the continuity and the Euler equations
as [41–43]:
δ′i = −(1 + wi)
(
θi +
h′
2
)
− 3H
(
δpi
δρi
− wi
)
δi
−9H2
(
δpi
δρi
− c2a,i
)
(1 + wi)
θi
κ2
, (2.7)
θ′i = −H
(
1− 3δpi
δρi
)
θi +
δpi/δρi
1 + wi
κ2 δi − κ2σi, (2.8)
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where the prime denotes differentiation with respect to the conformal time τ . In these
equations δi = δρi/ρi is the density perturbation, H = a′/a, is the conformal Hubble
factor, h = hjj is the trace of the metric perturbations hij , and θi ≡ iκjvj is the divergence
of the i-th fluid velocity. Additionally, σi is the anisotropic stress of the i-th fluid, which
will be neglected in our analysis. Finally, c2a,i = p˙i/ρ˙i is the adiabatic speed of sound of
the i-th fluid. As it is known, for an imperfect fluid the quantity c2s = δpi/δρi is the sound
speed for the i-th fluid. Thus, the adiabatic sound speed is related to the sound speed
through
c2a,i = wi −
w′i
3H(1 + wi) . (2.9)
We mention here that many dark energy models can be described through imperfect fluids,
which have c2s = 1 while ca could be different [44–46]. Hence, although there exist models
with c2s > 1 (e.g in k-essence models), in our analysis we fix this qunatity to be unity.
3 Oscillating Dark-Energy models
In this section we consider dark energy parametrizations that exhibit oscillating behaviour
with the evolution of the universe. Our primary intention is to investigate these models
with current cosmological data.
For convenience we will use as independent variable the redshift, defined as z = a0a −1,
with the current scale factor a0 set to 1 for simplicity. We will study the following four
models:
• Model I: The first model in this class is
wx(z) = w0 + b {1− cos [ln(1 + z)]} , (3.1)
where w0 is the current value of wx(z) and b is the model parameter. The free
parameter b quantifies the dynamical character of the model. For b = 0 we acquire
wx(z) = w0, while any nonzero value of b corresponds to a deviation of the model
from the constant dark-energy equation-of-state parameter. Let us note that the
generalized version of (3.1) can be found in [31], which however allows a large number
of parameters in terms of the frequency or period of the oscillations. The inclusion
of several free parameters − such as the frequency or period of the oscillations −
may add different aspects and richer behavior to the oscillating dark energy models,
however, from the statistical point of view, the presence of a large number of free
parameters in a dark energy model increases the degeneracy amongst them. The two-
parameters models, on the other hand, are able to retain the oscillating features of
the parametric dark energy models, whose study is the field of interest of the present
work, and qualitatively they look similar to the four-parameters models [31]. Thus,
although the four-parameters oscillating dark energy models are the general ones,
here we restrict to models with only two free parameters in order to examine if an
oscillating behavior is allowed in the dark-energy equation of state, and quantitatively
confront it with the observational data. This may serve as a good starting point
towards the analysis of the most general oscillating dark energy models.
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• Model II: In similar lines we introduce another oscillating function as
wx(z) = w0 + b sin [ln(1 + z)] , (3.2)
with w0 and b the model parameters as described for Model I. A general version of
the above model can be found in [33, 34] in which the authors have considered the
period of oscillations along with other free parameters, thus leading to an extended
parameter space. Since a large number of parameters generally leads to degeneracy
amongst them, in this work we consider the two-parameter model.
• Model III: Another oscillatory dark energy parametrization is [25]
wx(z) = w0 + b
[
sin(1 + z)
1 + z
− sin 1
]
, (3.3)
with w0 and b the model parameters with as described for Model I.
• Model IV: Finally, we consider a new model
wx(z) = w0 + b
[
z
1 + z
]
cos(1 + z), (3.4)
where w0, b are the free parameters as described above. One may note that the above
model might be connected with the CPL model [7, 8] for very low redshifts.
4 Observational Data
In this section we provide the various data sets that we will incorporate in the observational
fittings. We will use data from the following probes:
1. Supernovae Type Ia: We include the latest Joint Light Curve analysis sample [47]
from Supernovae Type Ia, one of the cosmological data sets to probe the nature of
dark energy. The sample contains 740 number of Supernovae Type Ia data, dis-
tributed in the redshift interval z ∈ [0.01, 1.30]. The χ2 function for this sample
becomes
χ2JLA = (µˆ− µˆm)TC−1(µˆ− µˆm), (4.1)
where µˆ is the vector of effective absolute magnitudes, C is the covariance metrix of
µˆ quantifying the statistical and systematic errors (see [47] for details), and µˆm(z) =
5 log10
(
DL(z)
10pc
)
is the distance modulus at redshift z for the model in which DL(z) is
the luminosity distance [48].
2. Baryon Acoustic Oscillations (BAO) distance measurements: For the BAO data,
we use the ratio of rs/DV acting as a “standard ruler” in which the quantity rs
refers to the comoving sound horizon at the baryon drag epoch and DV refers to the
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effective distance determined by DA. The angular diameter distance and the Hubble
parameter H are related through the following equation [49]
DV (z) =
[
(1 + z)2DA(a)
2 z
H(z)
]1/3
. (4.2)
We include four measurements of rs/DV at four different redshifts, namely from the
6dF Galaxy Survey (6dFGS) measurement at zeff = 0.106 [50], from the Main Galaxy
Sample of Data Release 7 of Sloan Digital Sky Survey (SDSS-MGS) at zeff = 0.15 [51],
and from the CMASS and LOWZ samples from the latest Data Release 12 (DR12) of
the Baryon Oscillation Spectroscopic Survey (BOSS) at zeff = 0.57 and at zeff = 0.32
[52]. The likelihood for BAO is given by
χ2BAO =
∑
i
[
robsBAO,i − rthBAO,i
]2
σ2i
, (4.3)
where rBAO = rs(zd)/DV and σi’s are the uncertainties in the measurements for each
data point i = 1, 2, 3, 4, respectively correspond to zeff = 0.106 [50], zeff = 0.15 [51],
zeff = 0.57 [52] and zeff = 0.32 [52].
3. Cosmic Microwave Background (CMB) data: We incorporate the CMB temperature
and polarization anisotropies with their cross-correlations from the Planck Probe
[53]. Specifically, we use the combinations of high- and low-` TT likelihoods (overall
multiple range 2 ≤ ` ≤ 2508) as well as the combinations of the high- and low-`
polarization likelihoods [54], which are notationally referred to as Planck TT, TE,
EE+lowTEB. In order to analyze the data we use the publicly available Planck likeli-
hood [54], which eventually marginalizes over several nuisance parameters associated
with the measurements. For a detailed study and the implementation of the CMB
data, we refer the reader to [53, 54].
4. Redshift space distortion: We include two redshift space distortion (RSD) data from
CMASS and LowZ galaxy samples. The CMASS sample consists of 777202 galaxies
with an effective redshift of zeff = 0.57 [55], while the LOWZ sample contains 361762
galaxies with an effective redshift of zeff = 0.32 [55]. The data-vector containing
the cosmological parameters of interest, namely f(z)σ8(z), H(z)rs(zd) (in 10
3kms−1
units) and DA(z)/rs(zd), reads as
Ddata(z) =
 f(z)σ8(z)H(z)rs(zd)
DA(z)/rs(zd)
 . (4.4)
The data-vectors for the samples LOWZ and CMASS can be formed as (see Table 3
of [55]):
Ddata(zeff = 0.32) =
0.4596011.753
6.7443
 , (4.5)
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from the LOWZ sample at kmax = 0.18hMpc
−1, and
Ddata(zeff = 0.57) =
0.4175013.781
9.3276
 , (4.6)
from the CMASS sample at kmax = 0.22hMpc
−1. The covaiance matrices for the
above two samples are given in [55]. In particular, the covariance matrix for the
LOWZ sample at kmax = 0.18hMpc
−1 is
CLOWZ = 10−3
5.0837 23.818 10.490300.30 73.448
47.493
 , (4.7)
while the covariance matrix for the CMASS sample at kmax = 0.22hMpc
−1 is
CCMASS = 10−3
1.3046 4.6434 3.532977.713 22.773
21.700
 . (4.8)
Now, the corresponding likelihood of any cosmological model is given by
L ∝ e[−(Ddata−Dmodel)TC−1(Ddata−Dmodel)], (4.9)
where Dmodel represents the vector with the model prediction for the same cosmo-
logical parameters as Ddata and C
−1 is the inverse of the covariance matrix. Lastly,
we mention that when these two RSD data are considered, the BOSS DR12 results
will not be considered.
5. Weak lensing data: We consider the weak gravitational lensing from the Canada-
France-Hawaii Telescope Lensing Survey (CFHTLenS) [56, 57]. The CFHTLenS is
the largest weak lensing survey at present and spans 154 square degrees in five optical
bands. We use the tomographic CFHTLenS blue galaxy sample for the analysis. In
particular, we note that the survey [56], which we follow in this work, uses 21 sets
of cosmic shear correlation functions associated with six redshift bins. The weak
correlations between the observed shapes of distant galaxies are generally induced
due to the weak gravitational lensing by large scale structure. The cosmological
information can be extracted through the two-point shear correlation function, which
is related to convergence power spectrum
P ijK (l) =
∫ ηH
0
dη
qi(η)qj(η)
[fK(η)]2
Pδ
(
l
fK(η)
; η
)
, (4.10)
where η is the comoving distance, ηH is the horizon distance, and fK(η) is the angular
diameter distance out to η. The quantity fK(η) depends on the curvature scalar (k) of
spacetime, and qj is the lensing efficiency function for the redshift bin j (see [56, 57]
for more details). The tomographic correlation functions measured from the blue
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galaxy sample is consistent with zero intrinsic alignment nuisance parameter A. We
use the likelihood analysis of the CFHTLenS data, where the true inverse covariance
matrix is given by C−1 = αACˆ−1. Here αA = (nµ − p − 2)/(nµ − 1) and Cˆ is the
measured covariance matrix in which p is the total number of data points, that is
calculated in [56] as follows: for Nt tomographic redshift bins and Nθ angular scales,
and considering the shear correlation functions ξij+ and ξ
ij
− (see [56, 57] for more
details) between the redshift bins i, j, we have p = NθNt(Nt + 1). The quantity nµ
refers to the total number of simulations. The χ2 function for this data set is given
by
χ2WL = [dˆ− d(pi)]TC−1[dˆ− d(pi)], (4.11)
where dˆ is the vector of measured data points, and d(pi) represents the vector carrying
the model parameters.
6. Cosmic Chronometers (CC) data: In our analysis we consider the Hubble parameter
values at different redshifts, using the massive and passively evolving galaxies in our
universe, known as cosmic chronometers. The measurements of the Hubble parameter
values follow the spectroscpic method with high accuracy, and moreover the technique
of measurements is model independent [58, 59]. The CC (or H(z)) data are compiled
in [60], and they contain 30 measurements distributed in the interval 0 < z < 2. The
χ2-statistics for the cosmic chronometers data is given by
χ2CC =
30∑
i=1
(H(zi)−Hth(zi))2
σ2i
, (4.12)
where each zi with its corresponding uncertainty σi can be found in Table 4 of [60].
5 Observational constraints
In this section we proceed to the detailed confrontation of the above oscillating dark energy
models with observational data. We perform a combined analysis JLA + BAO + Planck
TT, TE, EE + LowTEB (CMB) + RSD + WL+ CC to constrain the proposed oscillating
dark energy models (3.1), (3.2), (3.3) and (3.4). Our analysis follows the likelihood L ∝
exp
(−χ2/2), where
χ2 = χ2JLA + χ
2
BAO + χ
2
CMB + χ
2
RSD + χ
2
WL + χ
2
CC . (5.1)
The main statistical analysis is based on the “Code for Anisotropies in the Microwave
Background” (CAMB) [61], a publicly available code. For each of the studied models we
modify the code accordingly, and then we additionally use CosmoMC, a Markov Chain
Monte Carlo (MCMC) simulation, in order to extract the cosmological constraints for the
oscillating dark energy models.
In summary, we analyze the following eight-dimensional parameters space:
P1 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, w0, b, ns, log[10
10As]
}
, (5.2)
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where Ωbh
2, Ωch
2 are respectively the baryon and the cold dark matter density parameter,
100θMC and τ refer respectively to the ratio of the sound horizon to the angular diameter
distance and to the optical depth, ns and As are respectively the scalar spectral index and
the amplitude of the initial power spectrum [53], and w0 and b are the free parameters of
the oscillating dark energy models. Additionally, the priors on the cosmological parameters
used in the analysis are displayed in Table 1. Lastly, in the following the subscript “0”
denotes the value of a quantity at present.
Parameter Prior
Ωch
2 [0.01, 0.99]
Ωbh
2 [0.005, 0.1]
100θMC [0.5, 10]
τ [0.01, 0.8]
ns [0.5, 1.5]
log[1010As] [2.4, 4]
w0 [−2, 0]
b [−3, 3]
Table 1. The flat priors on the cosmological parameters for the CosmoMC analysis.
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Figure 1. 1σ (68.3%) and 2σ (95.4%) confidence level contour plots for different combinations of
the model parameters of Model I (3.1), for the combined observational data JLA + BAO + Planck
TT, TE, EE + LowTEB + RSD + WL+ CC. We have defined, Ωm0 = Ωc0 + Ωb0.
In the next subsections we describe the obtained results on each model from this
combined analysis.
5.1 Model I
We perform the above combined analysis for the Model I of (3.1), and in Table 2 we
summarize the main observational constraints. Furthermore, in Fig. 1 we present the 1σ
and 2σ confidence-level contour plots for several combinations of the model parameters and
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Figure 2. The marginalized 1-dimensional posterior distributions for the model parameters of Model
I of (3.1), for the combined observational data JLA + BAO + Planck TT, TE, EE + LowTEB +
RSD + WL+ CC.
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Figure 3. The temperature anisotropy in the CMB spectra (left panel) and the matter power spectra
(right panel), for Model I of (3.1), for different values of the parameter b.
Parameters Mean ± 1σ ± 2σ ± 3σ Best fit
Ωch
2 0.1188+0.0015+0.0025+0.0031−0.0013−0.0027−0.0035 0.1187
Ωbh
2 0.02225+0.00015+0.00031+0.00038−0.00015−0.00029−0.00038 0.02218
100θMC 1.04055
+0.00033+0.00064+0.00086
−0.00033−0.00065−0.00085 1.04054
τ 0.065+0.019+0.038+0.050−0.020−0.038−0.048 0.065
ns 0.9749
+0.0045+0.0088+0.0120
−0.0044−0.0085−0.0107 0.9726
ln(1010As) 3.069
+0.036+0.072+0.094
−0.036−0.070−0.091 3.071
w0 −1.0078+0.023+0.068+0.094−0.032−0.059−0.080 −1.0031
b −0.1468+0.275+0.431+0.511−0.142−0.555−0.803 −0.1127
Ωm0 0.306
+0.008+0.017+0.025
−0.009−0.017−0.020 0.308
σ8 0.818
+0.015+0.027+0.033
−0.014−0.029−0.040 0.817
H0 68.05
+1.20+1.77+2.25
−0.90−2.02−2.68 67.84
Table 2. Summary of the observational constraints on Model I of (3.1), using the observational
data JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC. We define Ωm0 = Ωc0+Ωb0
and we use H0 to denote the current value of the Hubble function.
of the derived parameters. Similarly, in Fig. 2 we display the marginalized one-dimensional
posterior distributions for the involved quantities.
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Figure 4. 1σ (68.3%) and 2σ (95.4%) confidence level contour plots for different combinations
of the model parameters of Model II of (3.2), for the combined observational data JLA + BAO +
Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
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Figure 5. The marginalized 1-dimensional posterior distributions for the model parameters of
Model II of (3.2), for the combined observational data JLA + BAO + Planck TT, TE, EE +
LowTEB + RSD + WL+ CC.
Our analysis reveals that both the best-fit and the mean values of the dark energy
equation-of-state parameter at present (w0) exhibit phantom behaviour although very close
to the cosmological constant boundary, however, as one can see from Table 2, within 1σ
confidence-region the quintessential character of w0 is not excluded.
Additionally, we analyze the behaviour of Model I at large scales through its impact on
the temperature anisotropy of the CMB spectra and on the matter power spectra, shown
respectively in the upper and lower panel of the Fig. 3, and moreover we compare the
results with wCDM cosmology (obtained for b = 0). We find that for several values of b
we do not find a remarkable behaviour in the CMB spectra. On the other hand, from the
matter power spectra we can see that for large positive b values the model has a deviating
nature from wCDM cosmology.
In summary, from the observational constraints we deduce that the model is close to
wCDM cosmology, and hence to the ΛCDM paradigm too.
5.2 Model II
We perform the combined analysis for the Model II of (3.2), and in Table 3 we summa-
rize the main observational constraints. Additionally, in Fig. 4 we depict the 1σ and
2σ confidence-level contour plots for several combinations of the model parameters and
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Figure 6. The temperature anisotropy in the CMB spectra (left panel) and the matter power spectra
(right panel), for Model II of (3.2), for different values of the parameter b.
the derived parameters, while in Fig. 5 we display the corresponding marginalized one-
dimensional posterior distributions for the involved quantities.
Parameters Mean ± 1σ ± 2σ ± 3σ Best fit
Ωch
2 0.1180+0.0013+0.0025+0.0033−0.0014−0.0024−0.0031 0.1190
Ωbh
2 0.02230+0.00014+0.00030+0.00048−0.00016−0.00029−0.00039 0.02218
100θMC 1.04064
+0.00032+0.00060+0.00079
−0.00033−0.00062−0.00081 1.04048
τ 0.073+0.0185+0.0344+0.0450−0.0187−0.0358−0.0438 0.060
ns 0.9768
+0.0043+0.0085+0.0111
−0.0043−0.0085−0.0107 0.9736
ln(1010As) 3.084
+0.035+0.066+0.087
−0.035−0.068−0.085 3.062
w0 −0.9817+0.0535+0.0938+0.1175−0.0616−0.1032−0.1390 −1.0444
b −0.0114+0.0378+0.0739+0.1001−0.0319−0.0809−0.1071 −0.0144
Ωm0 0.311
+0.011+0.019+0.023
−0.010−0.019−0.024 0.300
σ8 0.812
+0.016+0.029+0.039
−0.016−0.029−0.039 0.823
H0 67.32
+1.09+2.22+2.86
−1.39−1.95−2.37 68.74
Table 3. Summary of the observational constraints on Model II of (3.2) using the observational
data JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
The joint analysis on Model II shows that the best-fit value of the dark energy equation-
of-state parameter w0 lies in the phantom regime, while the mean value of w0 exhibits
quintessential character. We note that within 1σ confidence-region w0 can exhibit phantom
behaviour, too. However, as we can see from Table 3, w0 is close to the cosmological
constant boundary. Additionally, from the temperature anisotropy in the CMB spectra
and the matter power spectra depicted in Fig. 6, we can observe that at large scales this
model exhibits a clear deviation from wCDM cosmology (and thus ΛCDM cosmology too)
for large positive values of the parameter b.
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Figure 7. 1σ (68.3%) and 2σ (95.4%) confidence level contour plots for different combinations of
the model parameters of Model III of (3.3), for the combined observational data JLA + BAO +
Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
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Figure 8. The marginalized 1-dimensional posterior distributions for the model parameters of
Model III of (3.3), for the combined observational data JLA + BAO + Planck TT, TE, EE +
LowTEB + RSD + WL+ CC.
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Figure 9. The temperature anisotropy in the CMB spectra (left panel) and the matter power spectra
(right panel), for Model III of (3.3), for different values of the parameter b.
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Parameters Mean ± 1σ ± 2σ ± 3σ Best fit
Ωch
2 0.1185+0.0013+0.0025+0.0033−0.0013−0.0025−0.0033 0.1182
Ωbh
2 0.02228+0.00014+0.00030+0.00038−0.00015−0.00028−0.00036 0.02229
100θMC 1.04060
+0.00031+0.00062+0.00079
−0.00032−0.00062−0.00077 1.04065
τ 0.067+0.017+0.034+0.045−0.017−0.035−0.047 0.083
ns 0.9754
+0.0042+0.0080+0.0108
−0.0042−0.0083−0.0105 0.9777
ln(1010As) 3.075
+0.033+0.066+0.088
−0.032−0.069−0.093 3.102
w0 −0.9480+0.0631+0.1389+0.1761−0.0749−0.1300−0.1523 −0.8720
b 0.2700+0.2205+0.7261+0.9531−0.4373−0.5691−0.6634 0.5788
Ωm0 0.312
+0.009+0.017+0.021
−0.009−0.017−0.021 0.316
σ8 0.813
+0.014+0.027+0.037
−0.015−0.027−0.035 0.820
H0 67.38
+0.88+1.80+2.31
−0.91−1.77−2.11 66.85
Table 4. Summary of the observational constraints on Model III of (3.3) using the observational
data JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
5.3 Model III
We perform the combined analysis described above, for the Model III of (3.3), and in
Table 4 we give the summary of the main observational constraints. Furthermore, in
Fig. 7 we present the 1σ and 2σ confidence-level contour plots for several combinations of
the model parameters and of the derived parameters. Additionally, in Fig. 8 we display
the corresponding marginalized one-dimensional posterior distributions for the involved
quantities.
According to the joint analysis we find that for Model III, both the best fit and the mean
values of the dark-energy equation-of-state parameter at present exhibit quintessential
behaviour. However, the 1σ lower confidence level may allow for phantom behavior too,
although only slightly. Moreover, from the temperature anisotropy in the CMB spectra
and the matter power spectra depicted in Fig. 9, we can see that at large scales, and for
large negative values of b (different from Model I and II), the changes in both CMB spectra
and matter power spectra, are huge. This implies that this model might exhibit a non-zero
deviation from wCDM cosmology and hence from ΛCDM cosmology too. However, from
Table 4 we can see that −0.0721 < b at 3σ confidence level, and thus this exotic behaviour
is practically not observable. Hence, Model III is practically close to wCDM cosmology,
and thus to ΛCDM cosmology too.
5.4 Model IV
Finally, for the Model IV of (3.4) we perform the joint analysis and in Table 5 we display
the summary of the main observational constraints. Moreover, in Fig. 10 we show the 1σ
and 2σ confidence-level contour plots for several combinations of the model parameters and
the derived parameters. Additionally, in Fig. 11 we present the corresponding marginalized
one-dimensional posterior distributions for the involved quantities.
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Parameters Mean ± 1σ ± 2σ ± 3σ Best fit
Ωch
2 0.1179+0.0011+0.0022+0.0031−0.0012−0.0023−0.0029 0.1182
Ωbh
2 0.02233+0.00013+0.00029+0.00040−0.00014−0.00030−0.00035 0.02216
100θMC 1.04065
+0.00030+0.00062+0.00081
−0.00035−0.00056−0.00074 1.04056
τ 0.074+0.017+0.032+0.042−0.017−0.032−0.043 0.056
ns 0.9770
+0.0040+0.0081+0.0111
−0.0041−0.0081−0.0110 0.9763
ln(1010As) 3.087
+0.033+0.064+0.082
−0.032−0.060−0.084 3.046
w0 −0.9807+0.0333+0.0570+0.0761−0.0360−0.0569−0.0756 −1.0382
b 0.0544+0.0876+0.2324+0.2798−0.0887−0.2142−0.3038 0.0461
Ωm0 0.312
+0.009+0.016+0.020
−0.008−0.017−0.020 0.299
σ8 0.811
+0.014+0.029+0.038
−0.015−0.028−0.038 0.812
H0 67.26
+0.83+1.65+2.05
−1.02−1.53−1.97 68.73
Table 5. Summary of the observational constraints on Model IV of (3.4) using the observational
data JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
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Figure 10. 1σ (68.3%) and 2σ (95.4%) confidence level contour plots for different combinations
of the model parameters of Model IV of (3.4), for the combined observational data JLA + BAO +
Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
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Figure 11. The marginalized 1-dimensional posterior distributions for the model parameters of
Model IV of (3.4), for the combined observational data JLA + BAO + Planck TT, TE, EE +
LowTEB + RSD + WL+ CC.
As we can observe, the joint analysis reveals that for Model IV, the best-fit value of the
dark-energy equation-of-state parameter at present exhibits phantom behaviour, although
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Figure 12. The temperature anisotropy in the CMB spectra (left panel) and the matter power
spectra (right panel), for Model IV of (3.4), for different values of the parameter b.
very close to −1, while the mean value of w0 lies in the quintessence regime. However,
as one can see from Table 5, within 1σ confidence-region the phantom character of w0 is
not excluded. Additionally, from the temperature anisotropy in the CMB spectra and the
matter power spectra depicted in Fig. 12, we can see that we do not find any significant
variation from wCDM cosmology, and thus from ΛCDM paradigm.
We close this section displaying the evolution of the dark-energy equation-of-state
parameter of all Models in Fig. 13. This figure shows the qualitative differences between
the oscillating dark energy models, both at low- and high- redshifts. From the evolutions
of all oscillating dark energy models we find that Model I gives a phantom dark energy
during the entire evolution of the universe, while Model II always exhibits a quintessential
character. Interestingly, Model III presents a different behaviour: at high redshifts it
exhibits a phantom behaviour, while very recently the dark energy equation of state transits
from the phantom regime to quintessence one. Concerning Model IV, we find that it
exhibits both quintessence and phantom behaviour. In fact, unlike other oscillating dark
energy models, it periodically enters into quintessence and phantom region.
6 Statistical Model Comparison: Bayesian Evidence
In this section we perform a statistical comparison of the oscillating dark energy models
through the Bayesian evidence, also known as marginal likelihood or model likelihood. The
Bayesian evidence plays an important role to compare different cosmological models based
on their performance with observational data.
In the Bayesian analysis we need to determine the posterior probability of the model
parameters (denoted by θ), given a data set x, any prior information, and a model M . In
particular, using Bayes theorem, one can write
p(θ|x,M) = p(x|θ,M)pi(θ|M)
p(x|M) , (6.1)
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Figure 13. The evolution of the dark-energy equation-of-state parameter wx(z), has been shown
using the mean values of (w0, b) that arise from the combined analysis JLA + BAO + Planck TT,
TE, EE + LowTEB + RSD + WL+ CC for Model I of (3.1) (red-dashed), for Model II of (3.2)
(black-dotted), for Model III of (3.3) (blue-dash-dotted), and for Model IV of (3.4) (magenta-solid).
where p(x|θ,M) is the likelihood which is considered to be function of the model parameters
θ with the data set fixed, and pi(θ|M) is the prior. The denominator p(x|M) in (6.1)
is the Bayesian evidence used for the model comparison, and it is the integral over the
unnormalised posterior p˜(θ|x,M) ≡ p(x|θ,M)pi(θ|M):
E ≡ p(x|M) =
∫
dθ p(x|θ,M)pi(θ|M), (6.2)
and thus it is also referred to as the marginal likelihood. Considering any particular model
Mi and the reference model Mj , the posterior probability is thus given by the product of
the ratio of the model priors with the ratio of evidences, namely
p(Mi|x)
p(Mj |x) =
pi(Mi)
pi(Mj)
p(x|Mi)
p(x|Mj) =
pi(Mi)
pi(Mj)
Bij , (6.3)
where Bij =
p(x|Mi)
p(x|Mj) is called the Bayes factor of the model Mi relative to the reference
model Mj .
For Bij > 1 we deduce that the cosmological data employed in the analysis support
model Mi more strongly than model Mj . The behaviour of the models can be quantified
using different values of Bij (or equivalently lnBij). In this work, we shall use the widely
accepted Jeffreys scales [62], summarized in Table 6, that quantify the viabilities of the
models under consideration.
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lnBij Strength of evidence for model Mi
0 ≤ lnBij < 1 Weak
1 ≤ lnBij < 3 Definite/Positive
3 ≤ lnBij < 5 Strong
lnBij ≥ 5 Very strong
Table 6. Summary of the revised Jeffreys scale, to quantify the observational support of model Mi
with respect to model Mj .
Model lnBij Strength of evidence for model ΛCDM
Model I −9.4 Very Strong
Model II −4.6 Strong
Model III −6.2 Very Strong
Model IV −8.4 Very Strong
Table 7. Summary of the values of lnBij , calculated for the oscillating dark energy models with
respect to the reference ΛCDM paradigm. According to the Bayesian point of view, the negative
values of lnBij indicate that ΛCDM is favored over the oscillating dark energy models.
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Figure 14. 1σ (68.3%) and 2σ (95.4%) confidence level contour plots for different combina-
tions of the model parameters, for all Models I-IV of (3.1)-(3.4) simultaneously, for the combined
observational data JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
The Bayesian evidence for the scenarios at hand can be easily calculated, since only
the MCMC chains, which are used for parameters estimation, are needed. A detailed
explanation can be found in two recent articles [63, 64], where the algorithm that calculates
the Bayesian evidence is known as the MCEvidence code1.
Using the MCEvidence code we calculate the logarithm of the Bayes factor, i.e. lnBij ,
where i = Model I − Model IV and j = ΛCDM. In Table 7 we summarize the calculated
values of lnBij for all oscillating dark energy models with respect to the base ΛCDM. For
Models I, III and IV we find that | lnBij | > 5. In particular, we see that lnBij = −9.4
1This code is publicly available at github.com/yabebalFantaye/ MCEvidence.
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Figure 15. The trend of the key parameters (b, w0) of the oscillating dark energy models, namely
for Model I of (3.1) (upper left graph), for Model II of (3.2) (upper right graph), for Model III of
(3.3) (lower left graph) and for Model IV of (3.4) (lower right graph), for different values of H0,
from the MCMC chain of the combined analysis JLA + BAO + Planck TT, TE, EE + LowTEB
+ RSD + WL+ CC.
(Model I), lnBij = −6.2 (Model III), lnBij = −8.4 (Model IV), which implies that for all
these three models we obtain a very strong preference for ΛCDM. Additionally, for Model
II we acquire lnBij = −4.6, which indicates the strong preference of ΛCDM over Model II.
Overall, we find that ΛCDM cosmology is significantly favored compared to the examined
oscillating dark energy models.
7 Conclusions
Since the nature of the dark energy sector is unknown, one can incorporate its effect
in a phenomenological way, i.e. introducing various parametrizations of the dark energy
equation-of-state parameter. One interesting parametrization class is the case where wx(z)
exhibits oscillating behaviour [25, 29–32, 36, 37], since it may lead to interesting cosmology.
In order to thoroughly examine whether oscillating dark-energy models are in agree-
ment with the latest observational data, we have performed a complete observational con-
frontation using the latest data, namely: Joint Light Curve analysis (JLA) sample from
Supernoave Type Ia, Baryon Acoustic Oscillations (BAO) distance measurements, Cosmic
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Figure 16. The temperature anisotropy in the CMB spectra (left panel) and the matter power
spectra (right panel), for all Models I-IV of (3.1)-(3.4) simultaneously, for the mean values of
(w0, b) that arise from the combined analysis JLA + BAO + Planck TT, TE, EE + LowTEB +
RSD + WL+ CC, and the corresponding curves of ΛCDM cosmology.
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Figure 17. Relative deviation of the CMB TT spectra (left panel) and of the matter power spectra
(right panel) from the ΛCDM paradigm (b = 0, w0 = −1) for Model I of (3.1), for Model II of
(3.2), for Model III of (3.3), and for Model IV of (3.4), shown for the mean values of b obtained
from the combined analysis JLA + BAO + Planck TT, TE, EE + LowTEB + RSD + WL+ CC.
Microwave Background (CMB) observations, redshift space distortion, weak gravitational
lensing, Hubble parameter measurements from cosmic chronometers, and the local Hubble
constant value.
We considered four oscillating dark energy models, namely, Model I of (3.1), Model II
of (3.2), Model III of (3.3) and Model IV of (3.4). Our analysis shows that for Model I,
Model II and Model IV, the best fit values of the dark energy equation-of-state parameter
w0 lies in the phantom regime, nevertheless in all models the quintessential regime is also
allowed within 1σ confidence-level. The models indicate deviations from ΛCDM cosmology,
although such deviations are small. The fittings suggest that in all viable oscillating dark-
energy models, the parameter b that quantifies the deviation from wCDM and ΛCDM
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cosmology is relatively small for three models namely Model I, Model II and Model IV,
while for Model III b is larger. Thus, effectively, Model III exhibits a non-zero deviation
from wCDM as well as ΛCDM cosmology, however the deviation is not significant.
As a next step we analyzed the behaviour of the oscillating models at large scales,
through the impact on the temperature anisotropy of the CMB spectra and on the matter
power spectra. Moreover, we compared the results with the wCDM and ΛCDM scenarios,
examining the corresponding deviations. As we showed, for Models II and III the deviation
from wCDM and ΛCDM models is clear for large negative values of the parameter b. On
the other hand, Model I exhibits a slight deviation, while for Model IV the deviation is
non-significant.
Furthermore, we presented the Bayesian evidences for all oscillating dark-energy mod-
els with respect to the reference ΛCDM scenario. The results have been summarized in
Table 7, from which we found that according to the present observational data ΛCDM
cosmology is favored over all considered models.
We close this work with a short statistical comparison of the models, both at back-
ground and perturbative levels. In Fig. 14 we present the 1σ and 2σ confidence-level
contour plots for several combinations of the free parameters and of the derived parame-
ters, for all Models I-IV simultaneously. As we can observe, Model I is slightly different
compared to the other three models, although not significantly. Moreover, we analyze the
trend of the two main parameters of the oscillating models, namely b and w0, for different
values of H0, using the MCMC chain of the combined analysis JLA + BAO + Planck TT,
TE, EE + LowTEB + RSD + WL+ CC, and in Fig. 15 we present the results for all
models. From the analysis of the MCMC chain we can clearly notice that higher values
of H0 (the red sample points in Fig. 15) favour the phantom behaviour of dark energy,
while for low values of the Hubble constant H0 (the blue sample points in Fig. 15) a
quintessence-like dark energy is favored, however within 1σ, w0 is close to −1.
In order to examine whether these differences can be observed at large scales, in Fig. 16
we depict the temperature anisotropy in the CMB spectra (left graph) and the matter power
spectra (right graph), for all models simultaneously, using for each model the corresponding
mean value for the parameter b. From both graphs we deduce that we cannot distinguish
the various models, and moreover all models are found to exhibit a behaviour close to that
of the flat ΛCDM scenario. However, a slight difference is expected as the estimated value
of b for all oscillating dark energy models is non-null. This difference can be seen in Fig.
17, in which we show the relative deviations in the CMB TT spectra (left panel) and in
the matter power spectra (right panel).
In summary, the analysis of the present work reveals that the oscillating dark energy
models can be in agreement with observations. However, according to the Bayesian analy-
sis, ΛCDM cosmology is favored compared to them. One interesting extension of the above
investigation would be to proceed to a more general formalism where the sound speed of the
dark energy could be variable, instead of constant. This study could enlighten the intrinsic
nature of the oscillating dark energy models, especially in comparison with non-oscillating
models. Such an investigation is left for a future project.
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